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Summary

Using the machinery of Lie theory (groups and algebras) applied to the Navier-Stokes equations a number of
exact solutions for the steady state are derived in (two) three dimensions. It is then shown how each of these
generates an infinite number of time-dependent solutions via (three) four arbitrary functions of time. This
algebraic structure also provides the mechanism to search for other solutions since its character is inferred from
the basic equations.

1. Introduction

The group-theoretic methods introduced by Lie [1,2], as amplified by many authors (see
Ovsiannikov [3] and Ames [4]) are applied to the Navier-Stokes equations in Cartesian
coordinates

U+ uu, +ou,+wu, = —p, +pviu, (1.1)
0+ up, + v, +wo, = —p, +puv’v, (1.2)
W, + uw, + 0w, + ww, = —p, + pv w, (1.3)

where u, v, w are the three velocity components, p is pressure and p is (constant) viscosity.
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*** Research supported by the Alexander von Humboldt Foundation while in residence at the University of
Karlsruhe, Federal Republic of Germany.
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To these must be added the continuity equation
u, +v,+w,=0. (1.4)

The unsteady state is analyzed to obtain the full transformation group admitted by the
equations. In turn these groups are utilized to obtain several new exact solutions of the
equations in both two and three dimensions.

Development of the full transformation group for the two-dimensional equations was
first examined by Puhnachev [5]. In three dimensions, Bitev [6], and later Lloyd [7], give
the first derivation. The work of these authors is verified and it is shown how the group
permits the association of an infinite number of time-dependent solutions to any steady-
state solution.

In Section 2 the full Lie group and Lie algebra are discussed. The complete derivation
can be found in Bitev [6], Lloyd [7], and Boisvert [8]. In Sections 3 and 4 the two-dimen-
sional solutions will be discussed followed by the three-dimensional case in Sections 5 and
6. These solutions are generally singular in nature. This paper expands on the results
presented by the authors in [9].

2. Full Lie group and algebra

In the spirit of Lie it is desired to find infinitesimal transformations of the form

t'=t+eT(t,x,y,z,u,v,w,p)+0(&?),
x'=x+eX(t,x,y,z,u,0,w,p)+0(e*),
y =y+eY(t,x,y,z,u,v,w,p)+0(e?),
2’=z+eZ(t,x,y,z,u,v,w,p)+0(e), @.1)
w=u+eU(t,x,y,z,u,v,w,p)+0(&),
o'=v+eV(t,x,y,z,u,0,w,p)+0(),
w=w+eW(t,x,y,z,u,0,w,p)+0(e*),
p=p+eP(t,x,y,z,u,v,w,p)+0(e?),
which leave (1.1-1.4) invariant. System (2.1) leaves (1.1-1.4) invariant if and only if (u’,
v’, w’, p) is a solution of (1.1'-1.4") whenever (u, v, w, p) is a solution to (1.1-1.4). By

(1.1'-1.4%) is meant the same equations in the primed variables. By extensive analysis the
following theorem is established (see Boisvert [8]):

Theorem. The full Lie group which leaves the Navier-Stokes equations (1.1-1.4) invariant
is given by (2.1) with

T=a+2pt, (2.2)
X=B8x—vyy—-Az+f(1), (2.3)

Y=8y+yx—oz+g(t), (2.4)
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Z=Bz+Ax+oay+h(t), (2.5)
U= —Bu—vyv—Aw+f/(1), (2.6)
V=—Bv+yu—ow+g(t), (2.7)
W= —B8w+Au+ov+h(t), (2.8)
P=—2Bp+j(t)—xf"(1) —yg"(t) = zh"(1), (2.9)

where a, B, v, A and o are five arbitrary parameters and f(¢), g(¢), h(¢), and j(¢) are
arbitrary, sufficiently smooth, functions of ¢.

Each of the arbitrary parameters of the preceding paragraph corresponds to a well-
known transformation. The parameter a corresponds to a translation in time; B represents
a stretching (dilatation) in all coordinates; v, A, o represent rotations of the spatial system.
With f(¢), g(t), h(¢) as constants it is clear that translations in the various coordinate
directions are also included. Moving coordinate transformations are also included as long
as these changes are reflected in U, V, W, and P, as shown in (2.6), (2.7), (2.8) and (2.9).
The classical Galilei-Newton group is obviously a subgroup of this full group.

The infinitesimal operator (generator of the Lie algebra) associated with each parame-
ter is obtained from the operator

d d d d d d d d
Q=Tg + Xgo+ Yo+ Zg + Ugn + Vo + Wt P (2.10)

by setting the studied parameter equal to one while all other parameters and arbitrary
functions are equated to zero. The operator associated with each of the arbitrary functions
in (2.2) to (2.9) 1s obtained by setting the other arbitrary functions and all parameters
identically equal to zero.

With X, i=1, 2, 3, 4, 5 representing the generators associated with the parameters a,
B, v, A, and o, respectively, it follows that

X1=%’ (2.11)
X2—2t%+xa—-+yaa za—az--uai

‘”5%_‘“3%_2"’%’ (2.12)
X3=—y%+xa—i—v—aa—u+u%, (2.13)
X4=—zaix+xa%—w5%+uaiw, (2.14)

] d a a
X = —z——+y*a;-—w?);+va—w. (2-15)
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0 0 0 0 0 0 0 (Hz+ Uy - (Hex - ()x

0 0 0 0 Cy)x — (*y)°x - 0o (‘y-3yix - Gy)ix - (Ty)8y
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Also, from the arbitrary functions in (2.2)-(2.9), there are obtained infinitely many
operators of the following forms:

XD =H(0) 3= + (1) 35 =314 (2.16)
X7(g)=g(t)%+g’(t)%*yg"(t)%, (2.17)
Xoh) = h(1) 52 + W (1) 3= (1) (2.18)
Xg(j)=j(t)5a;- (2.19)

The operators (2.11)—(2.15) generate a finite-dimensional Lie algebra L, which is a
five-dimensional subalgebra of the infinite-dimensional algebra L_ generated by the
operators (2.11)—(2.19). The commutator table of the Lie algebra for the Navier-Stokes
equations is given in Table 1, where the entry in the ith row and jth column is the
commutator of X, X that is

[X. %] =XX-Xx.

3. Two-dimensional solutions

Some exact solutions to the two-dimensional Navier-Stokes equations

u,+ uu, +ou,= —p, +pviu, (3.1)
_ 2

v, +uv, +vv,= —p, +uvo, (3.2)

u,+v,=0, (3.3)

are obtained here by utilizing different subgroups of the full group of the theorem.
Associated with these are their invariants obtained by integrating the associated QI = 0.
This permits a reduction by one in the number of independent variables and a possible
association with dependent variables.

The reduced full group for (3.1)-(3.3) is

T=a+2B8t, X=Bx—vyy+f(1), Y=By+yx+g(t),
U= —Bu—yv+f'(1t), V=—Bv+yu+g'(t), (34)

P==2Bp+j(t)—xf"(t)—yg"(¢).

First, consider the subgroup of (3.4) with 8=y =0 and a = 1. This subgroup, T= 1,
X=f(t), Y=g(), U=f'(t), V=2g'(t), P=j(t)—xf"(t)—yg”(¢t), has the associated
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operator
3 3 PP R A T U NP
Q=g+ gy + 8 g+ (g +8 (D5, + L) =" () = yg" ()] 5.
The first-order equation for the invariants QI = 0 has the characteristics
f=x—-F(t), 7=y—0G(1), (3.5)
where F = [fdt, G = fgdt, while

u=a(%,7)+/(t),  v=5(%7y)+g(1),

p=5(5,9) =3 (1) =g/ () +k(2), G5
where
k(£) =377 + g%+ [j(0)dr.
The functions #, ¢ and j satisfy the steady Navier-Stokes equations
il + ity = — Py + [ ilge + f155],
iy + 805 = ~ Py + b e + O35, (3.7)
dz+0,=0.

Consequently, there is obtained the useful result that any steady-state solution to the
two-dimensional equations can be transformed by means of (3.5) and (3.6) into a
time-dependent solution involving three arbitrary functions of the time variable. A similar
result holds in three dimensions. Another interesting consequence of the transformation is
that different subgroups of the reduced (time-independent) full group may now be used to
study (3.7) and transform it into a system of ordinary differential equations.

From (3.4) it follows that the dilatation subgroup generated by 8 (the source of what is
often called “similarity variables™) will leave (3.7) invariant. The characteristic equations
of QI =0 are

whose invariants are
n=%/y, a=F(n)/%x, ©=G\(n)/%x, p=J(n)/%.

In these variables equations (3.7) become the ordinary differential equations (primes
denote differentiation with respect to 1)

—FEr+ WK F —7G,F, — 2J, + 0Js — 2F, + 20F, — w°F) — 20°F, —n*F}) =0,

(3.8a)
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— FG, + 1FG} — 0°G,G} — 0°J; — 2G, + 439G} — Gy — 279°G; — 1°Gy =0, (3.8b)
—F, +nF; ~7°G; =0, (3.8¢)

where F,=p" 'F, G,=p"'G, and S, =p" V..
The last of these equations is satisfied when

E =3G,+cm. (3.9)
Multiplying (3.8b) by 7, subtracting (3.8a) from it, and utilizing (3.9) gives
=20, +J5 + 0’ F =2 - 290G, + 29°G, + 207G + 20°Gj. (3.10)

Setting both sides of (3.10) equal to ¢(n) and then integrating gives

2
n o(n)
J=——] —=d
2 172+1-/ 113 K

and
1 ¢(1)
G, = —2¢, {dy.
’ 2(n2+1)f[ 7’ ’] !
Therefore,
2¢m + c,n?
J,=2qG, + 25 F e
2 2 7+ 1

will satisfy (3.10). Replacing J, and F, in (3.8b) yields the second-order ordinary
differential equation

G} 3G, e’ +3em+ ey

Gy + +
) (1)} (1)

(3.11)

where G, = {(n* + 1)*/? /9)G, and c;, ¢, are new arbitrary constants.

Any solution of (3.11) will lead back to a solution of the Navier-Stokes equations. Two
solutions have been obtained: G, = —6(n*+ 1)*/2 for the case ¢; =c, =0, and G, = ¢(n’
+ 1)'/2 for the case ¢;=0 and ¢, = — 3(c* + 4c). The solutions of system (3.1)-(3.3)
corresponding to these are, respectively,

u=f(t)—6p( X~ F(1))(y - G(£)) ",
v=g(r)—6p(y—G(1)) ', (3.12)

p=—xf(t)—yg'(1) + k(1) = 12p*(y = G(1)) *,
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and
-1

u=f(t) +c(x—F(O)(x = F(0)) + (y = G(1))’] ",

1

v=g(t)+c(y=G()|(x-F() +(y-G(0))] ",

p=—1(1)x—g(t)y+k(t)=1e[(x~ F(1))’+ (y-G(1))"] "

The second solution 1s independent of the viscosity of the fluid. Solution (3.12) has also
been found by Berker [10] using other methods.

An alternative approach is to use the rotation group, generated by the parameter y in
(3.4), in the stream-function form

Velorr T ¥elerr — Yoo — Yo¥ees — ﬂ(%f;ﬁ +2¢5pp5t ‘Py*y*;;) =0 (3.13)

of equations (3.7). Here, y; = and y ;= —. In this setting the rotation group is

' =7+ ex+ 0(e?),

Y=y +0(c)
with invariants,

n=x+y%,  y=f(n).
In terms of f and 7, equation (3.13) becomes the linear equation

2" +Aanf "+’ f "' =0 (3.14)
which is independent of x. The general solution of (3.14) is

f("?)= —c¢;Inn+eming+em+cy,

where the ¢, are arbitrary constants. This solution was first obtained by Hamel [11] and
later by others using ad-hoc methods.
The associated time-dependent solution is

u=f(t)+(y=G(t)[em™ ' —eslng—c),
v=g(1)+ (x—F(t))[——cln_' + ¢5 lnn+c6],
p= —Xf’(t)—yg’(t)+k(t)—%012n_' +(¢52_0506+%C52)77‘C1C6 Iny

2 2 -
+ (eseg—c3)ninm = seyes(lnq)” + edn(ln n)” — dpcs tan 1[)’—G(t)

where n =[x — F()]* +[y ~ G(D]>
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4, Another set of two-dimensional solutions

Another set of solutions may be obtained by applying the subgroup of (3.4) generated
by B, the dilatation subgroup, directly to the unsteady equations (3.1)-(3.3). The in-
variants associated with this subgroup are

m=xt"2  my=pV?
and
u=1t""2f(n,m),  o=1"%g(n.my),  p=th(n,m).

With these substitutions system (3.1)—(3.3) becomes
=3 =Sy, = 3 o 4 Mt &yt g = (S, F fyna) =05
—3g—img, — M8, + 18y + 88y, + 1y, — 18y, + Zarn,) = O, (4.1)
fo, + 8,,=0.

The Lie group leaving (4.1) invariant is

ny =1, +ec; + O(e?),
7, =1, + ec, + O(e?),
f=f+elc,/2)+0(e), (4.2)
g’ =g+e(cy/2)+0(e?),
W =h+ei(cm +com,+ ;) +0(e?),

where ¢,, ¢,, and ¢, are arbitrary constants. The invariants of this Lie group,

n=6"1 — N, f=7+F(17)’ g=‘2“+G(77)’

2 2.2

m M ¢ 3
L2y 2+ =1+ H(n),
8 8C12 4C] 771772 4C1 (T’)

h =
transform (4.1) into the following system of ordinary differential equations:

(5 (5
¢,FF' — ¢,GF’ —Zz—zn +=2 e, H —p(ct+2)F =0,

cl 4c,
2 FG' — ,GG’ + ——q — ¢ H' — (ci+c3)G"=0 (4.3)
2 1 4clﬂ 1 Bic 2 ’ .

e F—cG'+1=0.
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A solution to (4.3), for the case ¢, =0, is

F=—G-—+c
¢, c, 4
¢ N —C5C
G= 2‘"2+c5erf 2 AR
it (2p(c,2+c§))
2 2
¢y~ 3¢ 2, G
H= n+cy.
[8cf(cf+c%) ci+c3

The corresponding solution of the unsteady equations (3.1)-(3.3) is

2_ .2
ct—c ¢\ ¢ ¢
u= ———-—12 22 ¢! ——21 22 yr | e, |12
2(cl +c2) ¢ +¢; 6
~1,2 ~1,2
T cyxt™ =yt V2~ che, 12
c 2, 212 ’
2 (2u(cf +¢3))
2
¢\ ¢ —c
v=|—"= ! 2Lyt g2
2+ 2 2(c2+cz)
1T € 176
1/2 /2 _
xt — ¢yt ¢,C
+c5jerf 2 21)’ NNz 222,
(2;L(cl+c2))
2 2 2 2 2
o= ci —3¢; 2,-2 ¢; — 3¢y - €16, xpr-? €3¢, 32
8(clz+c§) 8(clz+c§) c12+c§ c,2+c§
Ci6,C
et DA
i+

The substitutions
n=m-1  F(a)=f(n,1,)—n,,

G(m)=g(n,m)-m, H(n)=h(n,n,),

will also reduce (4.1) to a system of ordinary differential equations, though they are not
part of the Lie group in (4.2). In these variables (4.1) becomes

M=3F —3F+ FF' + G~ GF + H' = 2uF" =0, (4.42)

-n—39G' ~1G+ FG' + F— GG' — H' ~ 2uG” =0, (4.4b)
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-G =0. (4.4c)
The last of these equations is satisfied by

F=G+c¢,. (4.5)
Replacing F in (4.4a) and (4.4b) then subtracting the resulting equations yields

2H +2n—3¢,=0,
whose solution is

H=—3n"+icm+c,.

The following second-order equation for G may be obtained by adding (4.4a) to (4.4b) and
using (4.5):

—4uG” + (2¢, = 39)G’ + G+ 3¢, =0. (4.6)
When ¢, = 0, the substitutions

§=%M‘1/277, J =M
transform (4.6) into

dJ

Eﬁ(—%f—%)ho, (4.7)

which is a special form of Weber’s equation (see Moon and Spencer [12, p. 182]). The
general solution of (4.7) is given in [12] and is

J=cW,(p, q8) +cWy(p, g8),

where p = —4/3, q=\/§,

m<p,q§)=e~'/4<w{1 ¢ = e p(p= (=) (p =20k 11)(4:)“},

Wy(p,qt)

® -1)" 2k
= e /4G9 1+ —(—— -1 =3)...(p—[2k—-1] .
(48) El a2k + 1)!(1’ p=3)...(p-1 D(gf)
Note that W, is an even function, W, is an odd function, and that both series are
absolutely convergent.

Following the substitutions back to «, v, and p leads to the solution

V3(x—y)

u=1"12 e—3(x~y)2/l6y.t[c3Wl_§’ \/g(x—)’) 2\/_{ Fyr !,
©

‘ 2/ut

+C4VV0|:—§’
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’w/?(x—y)

2/ ut

%_—__\/g(x;y) + xt7!
» 2¢pt b

e

_ - . 2
o=t~ /2e 300 /lﬁpt[c3w[_%

+C4VVO[_

p=ct 3 (x—y)r2,
5. Three-dimensional solutions

Different subgroups of the full group given in the theorem will be utilized to construct
solutions of the three-dimensional equations. In a manner similar to that of Section 3 (3.5
to 3.7) the time-dependent three-dimensional equations are transformed to the steady-state
equations in the variables

x=x-F(1), y=y~-G(1), =z-H(1)

with
u=a(%,7,2)+f(1), ov=06(%7,2)+g(t), w=w(%7, 2)+h(1),
p=p(%,5,2)~xf'(t) - yg'(t) —zh' (1) + k(1),

where F'=f, G' =g, H' = h, k=4[ f>+ g* + h*] + [jd¢.

The invariants of the dilatation subgroup (obtained from (3.4) with 8 = 0 and all other
parameters and functions vanishing) are found to be

m=y/%  m=i/x

and
i=%""T(n,m), b=%"A(n,n,),
W=%""'0(n,m,),  p=x""Q(n,m,).

where I', A, @, and @ satisfy the partial differential equations
~I? -y [T, —n,IT, + AT, + @I, —2Q2—-9,2, — 1,9,
—p(2T + 40T, +4n,T, + T, + T, +uiT,, + 29,1, , +mT,, ) =0,
~TA—mTA, —n,TA, +AA, +®A, +Q, —p(2A +4n,A,
A A+ Ay A A, S 2 A, L+ iRA, L ) =0, (5.1)
~T®—n,T®, —n,T®, +AD, + 00, +Q, —u(20+49,0,

2 2 —
+4n2¢n2 + (I)mm +® 2 + nld)mm + 2"17’2(1)711712 + nzd)ﬂzﬂz) =0,

n2M
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=T=nI, =, ,+A, + o, =0.

However, no further group reduction is possible. But, system (5.1) is reduced to the
system of ordinary differential equations

~T2—qIT, + AT, - ®F, — 2Q — qT, — u(2T + d4nT, + 2T, + 7°T,,) =0, (5.2a)

~TA—~nTA, + AA, — @A, +Q, —u(2A +49A, +2A,, +7%A,,) =0,  (5.2b)

~T® —qI'® + AD, — 0D, — Q, — p(20 + 4nd, + 28, +n*®,, ) =0, (5.2¢)

~T—ql,+A,—®,=0. (5.2d)
in the variable 7 = 5, — n,. The last of these is satisfied when

A-®=ql -, (5.3)

where ¢, is an arbitrary constant. Two equations free of A’s and ®’s may now be
obtained:

~-T?—¢ T, ~ 2@ -9, — u(2T + 49T, + 2T, +7°T,,) =0, (5.4)
by substituting (5.3) into (5.2a), and
—qD?+2Q, — p(69T + 4T, + 64°T, + 29T, + 'L, ) = 0, (5.5)

by substituting (5.3) into (5.2b) and (5.2c) and then subtracting. Solving (5.5) for &, and
replacing for §, in (5.4) yields

Q=14[-T?-4pr2— T, - p(2T + 30°T + 61T,
+37°T, + 2T, + 27°T,, + 34°T,,) | (5.6)
Equations (5.5) and (5.6) imply that
2902 + 2TT, + w°TT, + ¢,T,, + u(129T + 12T, + 189°T,
129L,, + 69°T,, + 2T, +29°T,, +19°T,, ) =0. (5.7)

One solution of (5.7) is

I'=—6u. (5.8)
The corresponding values for A and (A — @) from (5.6) and (5.3) are

A= —1247%, (5.9)

A—®=—6un—c,. (5.10)
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Substitution of (5.8)-(5.10) into (5.2¢) results in
c
40 — [;1'—*- 41,}@,, —(n"+2)9,,=0,
whose general solution, for the case ¢, =0, is

®=coun—c3p

T+ (n? + 2)‘1 LN arctan{—n—”.

8/2 V2

Retracing our steps back to the original variables leads to the time-"dependent solution,

u=—6p(x—F(t)) " +f(1), (5.11a)

v =u{(c2 —6)(x—F(1)) "R~ cs[(4(x —F(1))"

+(2(x— F(t)))_BRZ((x —F(1)) *(R+2)"" +§%(x —F(1))’R

(x~F(1)) 'R
V2

}+g(t), (5.11b)

X arctan(

— =

Fig. 1. Graph of equation (5.11a).
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B

i

2

i3

:3
i

Fig. 2. Graph of equation (5.11b).

soeediogg

w=u{cz(x—F<z))‘2R~c3

(4(x~F(1))""

+(2(x - F(t)))_3R2((x— F(£)) *(R+2)"" +%(x—p(z))‘21z

Xarctan[g—*ﬂﬁ{—)u }+h(t), (5.11¢)
p=—1203(x = F(1)) "= xf (1) —yg'(t) — z2h'(1) + k(1), (5.11d)

where R =y — z — G(¢) + H(1). These solutions are shown graphically in Figs. 1-4 for the
steady-state case (all functions of time identically equal to zero) with p=c¢,=c;= 1.
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> 2

Fig. 3. Graph of equation (5.11c).

A second solution of equation (5.7) is
I'=—12un~2
from which is obtained
A—O®=—-12py7"'~¢,, Q=-2p>n" %
With these values, equation (5.6¢c) becomes
(*+2)0,,+ [41, + %]@n +(-129724+2)0 = —4d8un~". (5.12)

When ¢, = 0, the general solution of (5.12) is

_ _ - 3 n
o= Ve 2+ (244 4c,)| — (497 + 8y) ' + —=n"2 arctan| = }
u{czn a2+ ( 02)[ (4> +8n) "+ ;

The solution of (1.1)-(1.4) obtained by going back to the original variables is

u=—12p(x—~F(t))R™?+f(t),



Fig. 4. Graph of equation (5.11d).

(x— F(1))’

v=p.{(c2— 12)R™" + ¢c;(x — F(¢))R™?+ (24 + 4¢,)

J}+g(t),

w=p.{c2R‘1 +cy(x—F(1))R™ >+ (24 +4c,)

4R*+8(x— F(1))’R

e-F0) [ R
T aar [ﬁ(x—p(t))

(x = F(1))’
4R*+8(x— F(1))’R

J3G-F@) o R
4y2 R? V2(x - F(1))

}+h(t),

p==24p"R™*— xf"(1) —yg'(1) —zh'(t) + k(2),

where again, R=y —z — G(t)+ H(1).
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6. Additional time-dependent solutions

An alternative approach originates with a direct application of the dilatation subgroup to
the time-dependent equations (1.1)-(1.4). The invariants of the group are

= xt™\/2, n, =yt V2, ny=zt"/2

and

-1/2

u=1""2f(n1,m5,m3), v=t g (1,12, m3),

w=t_‘/2h(n,,n2,n3), P=t_1j(711’772’713)’

where f, g, h, and j satisfy the equations
— s f+ ik, ok, + ek, | H 1+ 8, R,
+ o = B Fooms * Fruma T fons) =0,
~3lg+meg, + 1.8, + 18,1+ 12, + 22, +hg,,
-+-jnz——p.(gmm +g,mz+g,m3)=0, (6.1)
—3{h+mh, +nh, 40k, |+ 1R, + gh, + hh,,
iy = (P Py + ) = 0,

f"h +g"12+h"13=0'

Two separate lengthy analyses of (6.1) lead to two solutions. The first depends upon
and involves the error function.

u=cyt~ 2 erf[(;.t(4cl2 + 805))_1/2(2c2x -y - c,z)t"/z]

1 2¢2 ¢
+ —-—-‘2—22' xt“'+(2—12—5)(y+z)t*1+c4t“'/2,
2 42k i+ 2¢

v= c—zclt“/z erf[(u(4c12 + 8c§))~1/2 (2e,x—cy— Clz)t"/z]
i

C c C5C,
(—il—zz)xt_l‘*‘ ——+TZ—2 (y+z)t_l+ﬂt—l/2,
cy +2¢5 4 2422 a
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xy+xz)+ —_—
(y ) 8 2c‘2+4c§

G2 -2 -1
—_ yzit “+est .
(c,2+2c§ }

The second solution,

_{(l_a S. 4 _1. 2 1. —1n2
-[(6 3)x+(6+3)y+( 3+3)zt + 3¢5t s

w=3(—-x+y—z)t7 " +4ct7"?,
p=—3xP+y +2) e+ My —xz4+yz)t i de(x—y+ )T P ot

is independent of the viscosity of the fluid. Details of these calculations may be found in
Boisvert [8].
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